SemiŋDe^nite Relaxations for Minimum Bandwidth and other VertexŋOrdering problems

Avrim Blum^∗ Goran Konjevod^† R. Ravi^‡ Santosh Vempala^§

Abstract

We present simple semiŋde^nite programming relaxations for the NPŋhard minimum bandwidth and minimum length linear ordering problems. We then show how these relaxations can be rounded in a natural way (via random projection) to obtain new approximation guarantees for both of these vertexŋordering problems.

1 Introduction

Let the vertices of an undirected graph be ordered 1, 2, . . . , n. We de^ne the dilation of an edge (i, j) as the difference |i − j|, i.e., the length of the edge when the vertices of the graph are placed on the line in the order 1, 2, . . . , n.

Given a graph G = (V, E), we consider the following two problems:

1. Minimum Bandwidth : ^nd an ordering that minimizes the maximum dilation among all the edges, i.e., minimizes max_{e∈E} dilation(e). 2. Minimumŋlength Linear Ordering: ^nd an ordering that minŋ imizes the length of the ordering where length is de^ned as: √∑ e∈E dilation(e)^2 .

That is, the squared length is the sum of the squares of dilaŋ tions of the edges.

∗School of Computer Science, Carnegie Mellon University, Pittsburgh, PA 15213ŋ3890. Supported in part by NSF National Young Investigator grant CCRŋ9357793. Email: avrim@cs.cmu.edu

†Dept. of Math. Sciences, Carnegie Mellon University, Pittsburgh, PA 15213ŋ3890. Supported by an NSF CAREER grant CCRŋ9625297. Email:

konjevod@andrew.cmu.edu

‡GSIA, Carnegie Mellon University, Pittsburgh, PA 15213ŋ3890. Supŋ ported by an NSF CAREER grant CCRŋ9625297. Email: ravi@cmu.edu §Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139. Part of this work was done while the author was in the School of Computer Science, Carnegie Mellon University, Pittsburgh, PA 15213ŋ3890. Email: vempala@math.mit.edu

We present approximation algorithms for these problems. Our main algorithmic tool is semiŋde^nite programming. Using a simple semiŋde^nite relaxation we derive an O( √_n b log n) approximation for the minimum bandwidth.

A re^nement of this relaxation allows us to get an O((log n)^{3/2} ) approximation for the minimumŋlength linear ordering problem.

Recently (and independently) Feige [4] introduced the notion of a volumeŋrespecting embedding of an undirected graph, and used it to achieve a polylogarithmic approximation for the bandwidth problem. Interestingly there are many similarities between the two approaches. Speci^cally, the rounding procedure of our algorithm, projection to a random line, is also a key step in his algorithm.

Early interest in the problem in the 1950’s was fueled by reŋ searchers in the area of solvers for sparse symmetric linear systems of equations, using Gaussian elimination (such as in the analysis of steel frameworks). As a heuristic to minimize the space, time and total work in the elimination procedure, it was desirable to reorder the rows (and columns) of the matrix so as to collect all the nonŋzero entries within a band of small width centered at the diagonal. When the (symmetric) nonŋzero elements of the matrix are viewed as verŋ tex adjacencies in an undirected graph, then the reordering problem is the minimum bandwidth problem for the resulting graph. For a survey on the bandwidth problem and early approaches, see [1].

The minimum bandwidth problem was ^rst shown to be NPŋ hard in 1976 [10], and later even for trees of degree at most three and for caterpillars [5, 9]. Approximations algorithms have been known only for some special families of graphs, such as caterpillars or asteroidal tripleŋfree graphs [7, 8].

2 The Semi-Definite Relaxation

Our approximation algorithm begins with an SDP (SemiŋDe^nite Programming) relaxation. First we motivate and describe the reŋ laxation for the bandwidth problem and then the relaxation for the minimumŋlength linear ordering problem.

2.1 Bandwidth

The idea of the relaxation is as follows. We will represent each vertex of the graph G as a vector of length n. What we would like the SDP to return is a sequence of vectors v1, v2, . . . , vn in R^2 where vj = cos(^{πj}_{2n} )x1 + sin(^{πj}_{2n} )x2 , and the maximum value of |vi − vj| over all edges (i, j) ∈ E is minimized (that is, uniformly spaced vectors on a quarterŋcircle of radius n such that the maximum edge length is minimized). Then we could simply output these vectors in order of their projection onto x1 and we would have the order of the minimum bandwidth (since the optimal ordering on a semiŋcircle is also the optimal ordering on a line).

We cannot force the SDP to give us exactly those vectors, beŋ cause we cannot restrict the dimensionality of the solution, but we can achieve many of the properties we want by using the following set of SDP constraints.

min b (1) vi · vj ≥ 0 ∀i, j ∈ {1, . . . , n} (2) |vi| = n ∀i ∈ {1, . . . , n} (3) |vi − vj| ≤ b ∀(i, j) ∈ E (4) ∑ j∈S (vi − vj)^2 ≥ 1 6 |S|(|S|/2 + 1)(|S| + 1) ∀S ⊆ {1, . . . , n}, ∀i ∈ {1, . . . , n} (5) The goal of the above constraints is to enforce a nearŋlinear emŋ bedding of the vertices while minimizing the value of b, which is the maximum dilation of any edge in the relaxation. Formally, constraint set (4) states that for any edge in the graph, the distance between the corresponding vectors should be at most the optimal bandwidth. It is perhaps easier to see that (4) is a legal SDP conŋ straint if we rewrite it as (vi −vj)·(vi −vj) ≤ b^2. (We can think of the solution space as all positive semide^nite matrices M = [mij], where mij = vi · vj. Then (3, 4) and (5) are linear in mij.)

Constraints (2) are primarily for ease of analysis. Constraints (5) are ŞspreadingŤ constraints. Given only (1), (2), (3), and (4), the SDP may simply produce one single vector as its solution to all the vi. We want instead that the vectors be spread out. For instance, on a line, for any point p there are at most 2k other points within distance k of p. Constraint set (5) enforces essentially this condition (see lemma 1 below). Although there are exponentially many constraints in (5), it is not hard to construct a separation oracle for them, and hence the SDP can be solved in polynomial time (see Grĺotschel, Lovťasz, Schrijver [6]). To answer the separation problem for (5) for a given node i, simply sort the vertices j ≠ i in increasing order of (vi − vj)^2 and check for violation each of the n − 1 sets that occur as pre^xes in this order. It is easy to see that if any set S violates (5) for vertex i, then the pre^x of vertices in this order of size |S| also violates (5) for i.

Let us refer to the above formulation as the bandwidth SDP. Suppose b^∗ is the optimal bandwidth. Then by lifting the optimal bandwidth ordering to the equiŋspaced embedding in the quarterŋ circle described above, it is easy to verify that all the constraints are satis^ed to give an objective function value of at most 2b^∗.

2.2 Minimum-length ordering

Fact 1 For two vectors vi, vj, the square of the area of the triangle they form with the origin is given by 1 4 | | v^i · v^i v^i · v^j vi · vj vj · vj | | . Hence, for any three vectors, vi, vj, vk, the area A(i, j, k) of the triangle formed by them, which is the same as the area of the triangle formed by vj − vi, vk − vi with the origin is given by A^2(i, j, k) = 1 4 | | (v^j − v^i) · (v^j − v^i) (v^j − v^i) · (v^k − v^i) (vj − vi) · (vk − vi) (vk − vi) · (vk − vi) | | . Further, the constraint, A^2(i, j, k) ≥ c for a real number c is a convex constraint on the vectors vi, vj, vk. Note that for a matrix X, the constraint DET (X) ≥ c is not convex; however when X is restricted to being positive semiŋde^nite (as in our case), it becomes convex.

The following is our relaxation for the minimumŋlength linear ordering. (The fact that it is indeed a relaxation will be established in Lemma 8.)

min ∑ (i,j)∈E (vi − vj)^2 vi · vj ≥ 0 ∀i, j ∈ {1, . . . , n} ∑ j∈S (vi − vj)^2 ≥ 1 6 |S|(|S|/2 + 1)(|S| + 1) ∀S ⊆ {1, . . . , n}, ∀i ∈ {1, . . . , n} ∑ k∈S A^2(i, j, k) ≥ ϵ|vi − vj|^2|S|^3 ∀S ⊆ {1, . . . , n}, ∀i, j ∈ {1, . . . , n}(6) The ^rst two sets of constraints are identical to (2), (5) above.

Instead of constraining the length of each individual edge as in (4), we minimize the squared length of the ordering (sum of squares of edge lengths). This is a linear function of the vi · vj. The constraint set (6) will be motivated and explained in the analysis section; ϵ is a constant greater than 0 that can be calculated from Lemma 11.

3 The Algorithm

Given a graph G = (V, E) with weights on the edges, the algorithm is as follows. The only difference for the different problems is in the SDP . 1. Solve the SDP relaxation for G. Let the solution obtained be v1, . . . , vn. 2. Pick a random line through the origin, i.e., a random unit vector ℓ.

3. Project v1, . . . , vn on to the line ℓ.

4. Output the vertexŋordering along this line, i.e., in increasing values of vi · ℓ.

We show that the algorithm with the bandwidth SDP ^nds an ordering of bandwidth at most O( √_n b log n) of the optimum with high probability. For the minimumŋlength ordering problem we will show that this algorithm gives an ordering of length at most O((log n)^{32} ) of the optimum, with high probability.

3.1 Overview of Bandwidth analysis

The outline of the analysis for the Bandwidth performance guaranŋ tee is as follows. Imagine slicing up the ball of radius n into strips orthogonal to ℓ of width b/ √ n. The ^rst claim is that with high probability, no edge in G crosses more than O( √ log n) strips. The reason is simply that for any edge (i, j) we have |vi − vj| ≤ b (by constraint 4) and since ℓ was chosen randomly, with high probabilŋ ity we have |(vi − vj) · ℓ| ≤ c|vi − vj| √ log n/ √ n (i.e., the vector vi − vj is Şnearly orthogonalŤ to the line ℓ). So, to prove a ŸO( √ n) approximation for the minimum bandwidth it suf^ces to prove that with ŞreasonableŤprobability, every strip has at most ŸO( √ n) points inside.

For a given strip s (say, the strip corresponding to the interval [ib/ √ n, (i + 1)b/ √ n] on line ℓ), the probability over the choice of ℓ that a given point v ∈ G falls into s is at most O(b/n). (This is because there are O(n √ n/b) strips total, and the middle n/b of them roughly equally divide up most of the probability.) Thus, the expected number of points in any given strip is only O(b).

What about the variance? To calculate this we need to upperŋ bound the probability that a given pair of points vi, vj both fall into a given strip s. This is roughly equal to Pr[vi falls into s] · Pr[|vi − vj| · ℓ ≤ b/ √ n]. The ^rst quantity, as described above, is O(b/n), while the latter quantity is O(b/d) if |vi − vj| ≤ d. At this point, we use constraints (5) to show that there cannot be too many pairs of points vi, vj that are too close together. This allows us to bound the variance which then yields the ^nal results.

We present the formal analysis in the next section.

4 Approximation Guarantees

We start with a useful lemma about any set of vectors satisfying the constraints (5).

Lemma 1 Let v1, . . . , vn ∈ R^n satisfy the constraints (5). Then for any ball B of radius r ≥ 1 in R^n (not necessarily centered at the origin) |B ∩ {v1, . . . , vn}| ≤ O(r). Proof. From the constraints 5 it follows that the average pairwise distance between a set of r points is Ω(r). To see this, order the numbers (vi − vj)^2 nondecreasingly. Suppose that more than half of these numbers are smaller than r^2/c for a suf^ciently large c.

Now there is some point x whose distances from at least r/2 other points are among the ^rst r/2 in this ordering. But this contradicts the constraints (5) when applied to x and this set of r/2 points. Therefore, at least half of all distances are at least r/ √ c, and so their average is at least r/(2 √ c) which is Ω(r).

Since the maximum distance between two points inside a ball of radius r is 2r, this implies that there are only O(r) points in such a ball. 2 Next, we make a few observations regarding random projecŋ tions.

Lemma 2 Let v1, v2, v3 ∈ R^n. Let ℓ be a random unit vector. Let yi = vi · ℓ. Let θ be the angle between the vectors (v2 − v1 ) and (v3 − v1). Then the probability that y1 lies between y2 and y3 is exactly θ/π i.e., the angle formed at v1 by v2 and v3, over π.

Proof. The probability that v1 when projected to ℓ falls in between the projections of v2 and v3 is Pr[v2 · ℓ ≤ v1 · ℓ ≤ v3 · ℓ] + Pr[v3 · ℓ ≤ v1 · ℓ ≤ v2 · ℓ] which is the same as Pr [( (v1 − v2) · ℓ )( (v3 − v1) · ℓ ) ≥ 0 ] which is exactly the angle between the vectors (v1−v2) and (v3−v1) divided by π. 2

Fact 2 The volume of the nŋdimensional ball of radius r is equal to^{2r} n_πn=2

nΓ(n/2) and its surface area is

2rn�1_πn=2 Γ(n/2) . Here Γ(x) is the ŞgammaŤ function. For a positive integer x, Γ(x) = (x − 1)!

Lemma 3 Let v ∈ R^n. For a random unit vector ℓ, Pr [ |v · ℓ| ≤ c √ n |v| ] ≥ 1 − e^{−c2/4}.

Proof. The desired probability is the surface of a central band of thickness 2c/ √ n on a unit sphere, divided by the surface area of the whole sphere. Denote the surface area of the nŋdimensional sphere of radius r by An(r). Then the area of the region outside the central band is less than the area of an nŋdimensional sphere of radius √ 1 − c^2/n (since the remaining portions of the unit ball after slicing out the central band can be inscribed in a ball of the smaller radius). Using An(r) = Knr^{n−1} , for Kn as in fact 2, we can lower bound the area of the central band as the area of the unit sphere minus the area of a sphere of radius √ 1 − c^2/n.

An(1) − An (√ 1 −^{c2}_n )

An(1) = 1 − ( 1 − c^2 n )_{n/2}

≥ 1 − e^{−c2/4}. 2 Lemma 4 Let v ∈ R^n. For a random unit vector ℓ, Pr [ |v · ℓ| ≤ 1 c √ n |v| ] = O ( 1 c ) . Proof. The desired probability can be upperŋbounded as the area of a cylinder with an (n − 1)ŋdimensional unit ball as the base and whose height is at most 4/c √ n, divided by the area of the nŋdimensional unit sphere. The factor of 4 is due to approximating the area by translating along the curvature of the nŋdimensional ball for a width of 1/c √ n in both directions above and below the origin.

This is at most 4An−1 c √ nAn ≤ 4 c √ nπ Γ (_{n+1} 2 ) Γ (_n 2 ) ≤ O ( 1 c ) . 2 We consider the following event: two points x, y on the surface of the ball of radius n, at a distance d from each other are projected on to a random line. What is the probability that x and y fall in any ^xed interval of width W on the line? The following lemma, crucial to our analysis, bounds this probability.

Lemma 5 Let x, y be arbitrary vectors of length n in R^n such that |x − y| = d and x · y ≥ 0. Let ℓ be a random unit vector. Then, for any ^xed α and width W , Pr [ α ≤ x · ℓ, y · ℓ ≤ α + W ] = O ( W^2 d ) . Proof. For convenience, rotate the sphere so that x = (−d/2, √ n^2 − d^2 /4, 0, . . .) and y = (d/2, √ n^2 − d^2 /4, 0, . . .). Let vector v = y − x = (d, 0, . . .), and let ℓ = (ℓ1, ℓ2, . . .) be our randomly chosen unit vector. Note that in order for the event in question to occur, it must be the case that |v · ℓ| ≤ W . Therefore, Pr [ α ≤ x · ℓ, y · ℓ ≤ α + W ] ≤ Pr [ |v · ℓ| ≤ W ] · Pr [ α ≤ x · ℓ ≤ α + W | |v · ℓ| ≤ W ] . Since |v ·ℓ| = |ℓ1|·d, we have Pr [ |v ·ℓ| ≤ W ] = Pr [ |ℓ1| ≤ W/d ] , which is O(W √ n/d) by Lemma 4.

Given the event that |ℓ1| ≤ W/d, the inequality α ≤ x · ℓ ≤ α + W can be relaxed to α − W/2 ≤ x^′ · ℓ^′ ≤ α + 3W/2, where x^′ and ℓ^′ are n − 1ŋdimensional vectors consisting of the last n − 1 components of x and ℓ. Since xi = 0 for all i > 2, this is equivalent to α − W/2 ≤ ℓ2 √ n^2 − d^2/4 ≤ α + 3W/2.

The probability of this last event can be upperŋbounded by comŋ puting the area of the largest possible strip of this width (the one centered around the equator). By assumption, x · y ≥ 0, implying that d ≤ n √ 2, so √ n^2 − d^2/4 ≥ n/ √ 2. We can now bound the fraction of the sphere covered by this strip by O(W/ √ n) as in the proof of Lemma 4. Thus, we ^nally get Pr [ α ≤ x · ℓ, y · ℓ ≤ α + W ] = O ( W √ n d · W √ n )

= O ( W^2 d ) . 2 The following lemma will be useful in the analysis for the minimum length ordering problem.

Lemma 6 Let v1, v2, v3 be vectors in R^n. Then on projection to a random line, the probability that all three fall in an interval of width W (not a particular interval) is O ( W^2n A(1, 2, 3) )

Proof. Consider the triangle v1v2 v3. Assume without loss of generality that its smallest angle is the one at v3 , and that |v1 −v3| ≤ |v2 − v3|. Notice that the event in question is invariant under translation of the space; thus we may also assume without loss of generality that v3 is the origin.

In order for all three points to fall into an interval of width W , it must be the case that v1 and v2 both fall into the interŋ val [−W, W ]. We bound the probability of the latter event using Lemma 5. Speci^cally, let v^′_1 = nv1/|v1|, let v^′_2 = nv2/|v2|, and let d^′ = |v^′_2 −v^′_1|. The event that v1 and v2 both fall into the interval [−W, W ] implies the event that v^′_1 and v^′_2 both fall into the interval [−W n/|v1|, W n/|v1|] since |v1| ≤ |v2|. Since v^′_1 and v^′_2 are both length n (and v^′_1 · v^′_2 ≥ 0 by the assumption that the smallest angle is at v3), Lemma 5 bounds the probability of this event by O ( W^2n^2 |v1|^2d^′ ) . Since v3 is the smallest angle of the triangle v1v2v3, the area of v1v2 v3 is at most twice the area of v1v^{′′}_2 v3 where v^{′′}_2 = v2|v1|/|v2|. This area equals (|v1|/n)^2 times the area of v^′_1v^′_2v3, and that area is at most nd^′/2. Thus, A(1, 2, 3) ≤ |v1|^2d^′/n, and the desired probability is O ( W^2 n^2 |v1|^2d^′ ) = O ( W^2n A(1, 2, 3) ) . 2 4.1 Bandwidth

We begin with the following lemma.

Lemma 7 Suppose v1, . . . , vn satisfy the constraints (2), (3), and (5). For a random line ℓ, let X be the random variable denoting the number of points vi whose projection onto ℓ falls into a given interval I of width W . Then,

E[X] = O(W √ n) and E[X^2] = O(W^2n log n).

Proof. De^ne Xi to be the random variable that is 1 if the projection of vi onto ℓ falls in I and 0 otherwise. Then from Lemma

4, E[Xi] = O(W/^√n), which implies E[X] = O(W^√n).

Now consider pairs vi, vj. By Lemma 5 we have E[XiXj] = O(W^2/dij ), where dij = |vi − vj|. Therefore, E^[X^{2]} = E^{[∑} X^2_i + 2^∑ XiXj^] = O ( W √ n + ∑ i,j W^2 dij )

= O(W^2 n log n),

where the last line follows from Lemma 1, since Lemma 1 implies that for any ^xed i, ∑ j 1/dij = O(log n). 2 Theorem 1 The algorithm ^nds an ordering whose bandwidth is at most O( √ n/b log n) times the minimum bandwidth with high probability.

Proof. Let v1, . . . , vn be the set of vectors of length n found by solving the SDP.

First, using Lemma 3 we have that every edge of G, of length at most b in the SDP, when projected down to a random line has length no more than W = 8b √ log n/ √ n with high probability.

Let ℓ be a random line and partition ℓ into intervals of width W . Using Lemma 3 one more time, with high probability, all vertices on projection fall within the middle n/b intervals (since these have total width 8 √ n log n). Since each edge spans at most two intervals (with high probability), it suf^ces now just to prove that with reasonable probability, none of these n/b intervals has more that O( √ nb log n) vertices that project into it.

At this point we simply use Lemma 7. By Lemma 7, the random variable X denoting the number of vertices that on projection fall into a given interval of width W satis^es E[X^2] = O(W^2 n log n). Therefore, by Chebychev’s inequality b 4n ≥ Pr [ X > √ 4n/b √ W^2 n log n ] = Pr [ X > 16 √ bn log n ] . Thus, with reasonable probability (3/4), each of the n/b intervals has only O( √ nb log n) vertices that project into it, proving the theorem. 2

4.2 Minimum-length ordering

Let e = (i, j) ∈ E, and upon projection to a random line, let Yij be the random variable whose value is the dilation of e in the ordering on the line, i.e., the number of points that fall in the span of the edge.

From Lemmas 2 and 1 it follows that the expectation of Yij is at most |vi − vj| log n. However we need to bound the second moment, E(Y^2_{ij} ). For this we need to bound the probability that a pair of vertices falls in the span of e. Lemma 6 bounds this probability as at most 1 over the area of the triangle formed by the two points and any one of the endpoints of the edge. So, on the whole we would like to ensure that the sum of the inverse areas of the triangles formed by every pair with one endpoint of e is small. This is precisely what the triangle constraints (6) achieve. Just the spreading constraints (5) do not suf^ce for this.

Below we describe this formally. First we show that the SDP is indeed a nearŋrelaxation (there exists a solution to the SDP with value ≤ OP T √ log n). Then we give the approximation guarantee for the rounding step.

Lemma 8 Let OP T be the value of the minimum length ordering, and OP TSDP be the objective value found by the SDP. Then,

OP T^2_{SDP} ≤ OP T^2 log n Proof. Without loss of generality, let 0, . . . , n − 1 be the minimum length ordering of G. Let the value of this ordering be OPT, i.e., OP T = √ ∑ (i,j)∈E (i − j)^2

We will now construct an embedding of the vertices as vectors u0, . . . , un−1 ∈ R^{⌊log n⌋+1} such that |ui − uj| ≤ |i − j| √ ⌊log n⌋ + 1 and further u0, . . . , un−1 satisfy the constraints of the minimum length ordering SDP. The lemma follows from these facts.

First, an example. For n=17 points, the embedding is:

(0, 0, 0, 0, 0) (1, 1, 1, 1, 1) (2, 2, 2, 2, 0) (3, 3, 3, 1, 1) (4, 4, 4, 0, 0) (5, 5, 3, 1, 1) (6, 6, 2, 2, 0) (7, 7, 1, 1, 1) (8, 8, 0, 0, 0) (9, 7, 1, 1, 1) (10, 6, 2, 2, 0) (11, 5, 3, 1, 1) (12, 4, 4, 0, 0) (13, 3, 3, 1, 1) (14, 2, 2, 2, 0) (15, 1, 1, 1, 1) (16, 0, 0, 0, 0)

The ^rst coordinate is just i. The second coordinate is i for i ≤ n/2 and n − i after that. The third coordinate goes up to n/4, down to zero, back up to n/4 and back down to zero again. And so on. In general, let d be the smallest integer such that 2^d > n. Then i is mapped to ( i, |i mod 2^{d−1} − 2(i mod 2^{d−2})|, . . . , |i mod 2^{d−l+1} − 2(i mod 2^{d−l})|, . . . , i mod 2 ) . That is, the l^{th} coordinate of ui is |i mod 2^{d−l+1} −2(i mod 2^{d−l})|, for l = 1, . . . , d. Since the lth coordinate of ui differs from the lth coordinate of uj by at most |i − j|, we have (ui − uj)^2 ≤ d(i − j)^2. So, we have |ui − uj | ≤ |i − j| √ ⌊log n⌋ + 1 as desired. Constraints (5) are satis^ed because the construction of the ^rst coordinate ensures that for any i, j, |ui − uj| ≥ |i − j|. Finally, we just need to show that constraints (6) are satis^ed.

This follows from the fact, given as Lemma 11 in the appendix, that for any i < j < k the area of the triangle formed by ui, uj, uk is Ω(|j − i||k − j|). These observations imply that u0 , . . . , un−1 satisfy the SDP, and their objective value is O(OP T √ log n). 2 Let v1, . . . , vn be the set of vectors found by solving the SDP.

Lemma 9 E(Y^2_{ij} ) = O(|vi − vj|^2 log^2 n)

Proof. Fix some edge (i, j). De^ne the random variable Xk for each k = 1, . . . , n, k ≠ i, j to be 1 if on random projection vk is projected in between vi and vj (falls in the span of the edge) and 0 otherwise. Then Yij = ∑ k≠i,j Xk and E(Y^2ij ) =^∑_{k≠i,j} E(X^2k) +^∑_{k,l≠i,j} E(XkXl) = ∑ k≠i,j E(Xk) +^∑_{k,l≠i,j} P r[k, l fall between i, j] ≤ E(Yij ) +^∑_{k,l≠i,j} P r[k, l, i fall in an interval of width |vi − vj|/ √ n ] ≤ |vi − vj| log n + ∑ k,l≠i,j |vi − vj|^2 A(k, l, i) ≤ |vi − vj| log n + |vi − vj|^2 ∑ k,l≠i,j 1 A(k, l, i) = O ( |vi − vj|^2 log^2 n ) . The last step above follows from the constraint set (6) as follows: ∑ k,l≠i 1 A(k, l, i) = ∑ k≠i ∑ l≠i,k 1 A(i, k, l) For each pair i, k the inner sum is O((log n)/|vk − vi|). To see this, order the remaining vertices according to their distance from i (say) and then the constraints imply that the triangle induced by the p^{th} point in this order has area at least Ω ( p|vi − vk| ) . Hence ∑ k≠i ∑ l≠i,k 1 A(i, k, l) ≤ c ∑ k≠i 1 |vi − vk| ∑ 1≤p≤n 1 p ≤ c log n ∑ k≠i 1 |vi − vk| = O(log^2 n).

Here c is a constant. The last step is implied by the constraint set (5). 2

Theorem 2 The expected length of the ordering found by the algoŋ rithm is O ( (log n)^{32} ) times the optimum.

Proof. The expected value of the square of the length of the ordering found by our algorithm is E ( ∑ (i,j)∈E Y^2_{ij} ) = ∑ (i,j)∈E E ( Y^2_{ij} )

≤ ∑ (i,j)∈E O ( |vi − vj|^2 log^2 n )

≤ O ( OP T^2_{SDP} log^2 n ) = O ( OP T^2 log^3 n ) , where OP TSDP is the objective value of the SDP and hence(within a factor of √ log n) a lower bound on the minimum length of any linear ordering (this implies that OP T^2_{SDP} is the minimum value of the square of the length of any ordering, OP T^2 ). The result on the length of the ordering follows with high probability using Markov’s inequality and taking square roots. 2

5 How good is the SDP?

What is the integrality gap of our ^rst SDP? While our rounding procedure for the ^rst SDP gives us an upper bound on the gap, it is possible that the gap is much smaller in reality. Note that our analysis is tight only for the speci^c rounding procedure we used, not the SDP itself.

Here we give some facts that indicate that the gap might be much smaller. One of the known lower bounds for the bandwidth of a graph is called the density lower bound [3]. It is de^ned as

Bd = max_H |H| − 1 diam(H) , where the maximum is taken over all connected subgraphs of G.

The exact strength of this lower bound is an open problem, but the largest known gap is O(log n) for an nŋvertex graph. One of the known constructions of graphs which achieve this gap, soŋcalled Cantor combs, was described by Chung and Seymour [2].

The following lemma says that the integrality gap of our simple relaxation is no larger than the gap between the density lower bound and the optimum.

Lemma 10 Let (x, b) be the optimal solution of the bandwidth SDP. Then b = Ω(Bd).

Proof. Let H be the subgraph of G that achieves the maximum density. Since the average distance dij between points in the soluŋ tion corresponding to vertices of H is Ω(|H|), there is a vertex v of H such that the total sum of distances between xv and the other points in H is Ω(|H|^2). But this sum is at the same time at most b|H|diam(H), and so b|H|diam(H) = Ω(|H|^2). That is, b = Ω ( |H| diam(H) ) . 2 6 Conclusions and further work

Along the lines of the constraint set (6) we can re^ne the semiŋ de^nite relaxation further (by using the constraints on kŋsimplices instead of just edges and triangles). This yields polylogarithmic approximations for any L2k norm in O(n^{2k} ) time and also a polyŋ logarithmic approximation for minimum bandwidth in quasipolyŋ nomial time (n^{O(log n)}) by considering subsets of size log n. It is an open question as to whether we can solve this latter relaxation in polynomial time.

References

[1] P. Chinn, J. Chvťatalovťa, A. Dewdney, N. Gibbs, The bandŋ width problem for graphs and matricesŮa survey, J. Graph Theory, 6: 223Ű254, 1982.

[2] F. R. K. Chung and P. D. Seymour, Graphs with small bandŋ and cutwidth, Discrete Math. 75: 113Ű119, 1989.

[3] V. Chvťatal, A remark on a problem of Harary, Czechoslovak Math J. 20: 109Ű111, 1970.

[4] U. Feige, Approximating the bandwidth via volume respecting embeddings, This proceedings.

[5] M Garey, R. Graham, D. Johnson, D. E. Knuth, Complexity results for bandwidth minimization, SIAM J. Appl. Math. 34: 477Ű495, 1978.

[6] M. Grĺotschel, L. Lovťasz, A. Schrijver, Geometric Algorithms and Combinatorial Optimization, Springer, 1988.

[7] J. Haralambides, F. Makedon, B. Monien, Bandwidth miniŋ mization: an approximation algorithm for caterpillars, Math Systems Theory, 24:169Ű177, 1991.

[8] T. Kloks, D. Kratsch, H. Mĺuller, Approximating the bandŋ width for asteroidal tripleŋfree graphs, Proceedings of ESA ’95, LNCS 979, 434Ű447, Springer, 1995.

[9] B. Monien, The bandwidthŋminimization problem for caterŋ pillars with hairlength 3 is NPŋcomplete, SIAM J. Algebraic Discrete Methods, 7: 505Ű512, 1986.

[10] C. H. Papadimitriou, The NPŋcompleteness of the bandwidth minimization problem, Computing, 16: 263ŋ270, 1976.

Appendix

Lemma 11 If u1 , . . . , un are the points in the (⌊log n⌋ + 1)ŋ dimensional space de^ned in the proof of lemma 8, there is a conŋ stant c ≥ 0.008 such that A(i, j, k) ≥ c(j − i) · (k − j) for all i < j < k. Proof. The idea of the proof is as follows: for a triangle de^ned by ui, uj and uk, we consider its projection on a twoŋdimensional plane Pℓ spanned by the coordinate vectors e1 and eℓ, for different values of ℓ. Clearly, the area of each such projection is a lower bound on the area of the original triangle. The area of a triangle can be calculated as^1_2 ab sin ϕ where a and b are two sides of the triangle and ϕ is the angle between them. If u^′_iu^′_ju^′_k is the projection of uiujuk onto Pℓ, then |u^′_i − u^′_j| ≥ (j − i) and |u^′_j − u^′_k| ≥ (k − j). Thus, if we can show that for each triple i, j, k there exists a coordinate ℓ such that the angle at u^′_j (the projection of uj onto Pℓ) is bounded above by some universal constant ϕ, we will be done. In what follows we use an inductive case analysis to show that we can always ensure ϕ < 179^∘.

We assume without loss of generality that j ≤ n/2 and k > n/2. (If k ≤ n/2 or i ≥ n/2 then we can work with n/2 instead of n and the claim holds by induction. The two cases, j ≥ n/2 and j ≤ n/2 are the same by symmetry so we only work with the ^rst one.) If k ≥ 9n/16 then after projecting to P2, the angle at u^′_j is at most 173^∘, so we can assume n/2 < k < 9n/16.

If j ≤ n/4, then projecting onto P2 works since the slope of the line through u^′_j and u^′_k is at most 1/16, so the angle at u^′_j is almost 45^∘. If i ≥ n/4 the claim holds by induction.

Now there are four cases left.

If i ≤ n/8 and n/4 ≤ j ≤ 3n/8, we’re done since clearly the angle at u^′_i (in P3) is at most 150^∘.

Assume now that n/8 ≤ i ≤ n/4 and n/4 ≤ j ≤ 3n/8 and denote α = n/4 − i, β = n/4 + j. There are only two subcases:

(1): α ≥ 2β. Project onto P3. Then the slope of the line through u^′_i and u^′_j is −1/3 and ϕ ≤ 168^∘.

(2): α ≤ 3β/2. We project onto P4. The slope of the line through u^′_i and u^′_j is 1/5 and ϕ ≤ 173^∘.

The next case is when i ≤ n/8 and 3n/8 ≤ j ≤ n/2. If the slope through u^′_j and u^′_k in P3 is less than −1/2.3, the angle at u^′_j is at most 179^∘. If the slope is more than −1/2.3, then P2 should be used as the angle at u^′_j will be at most 159^∘.

Finally, suppose n/8 ≤ i ≤ n/4 and 3n/8 ≤ j ≤ n/2. This case is analogous to the previous one, but we use either P4 (if the slope through u^′_j and u^′_k in P4 is less than −1/2.3), or P2 (otherwise). 2